SM Continuous Random Variables

Probability Density Functions

Last year we met random variables which take values in a continuous range — heights, masses, waiting times
— rather than a discrete set of values. For such a variable there is no sensible way to list P(X = x) for every x:
instead we describe how the probability is spread out along the number line.

Definition. A function f is a probability density function (pdf) for the continuous random variable X if

1. f(x)>0forallxeRR,

2. L:f(x)dx: 1.

Probabilities are then given by areas under the graph of f:

Remark. For a continuous random variable, IP(X = x) = 0 for any individual value x (the area of a line segment of
zero width is zero). Consequently

Pa<X<b)=Pa<X<b)=Pla<X<b)=Pla<X<b),

so we need not fuss over strict versus non-strict inequalities. This is emphatically not true for discrete variables!

Example

The continuous random variable X has pdf

f(x):{kx(2—x) 0<x<2

0 otherwise

(a) Find the value of k.
(b) Find IP(X > 1.5).

(a) The total area must be 1:
2 312
8
J kx(2 —x)dx =k xz—x— :k(4—f):—:l = k=
0 31, 3 4

(b)
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Example (Piecewise pdf)

The continuous random variable X has pdf

x
= 0<x<?2
i <x
flx)= ;x 2<x<4
0 otherwise

(a) Verify that f is a valid pdf, and sketch it.
(b) Find IP(1 < X < 3).

(a) Both pieces are non-negative on their domains. The graph is a triangle with base 4 and height f(2) = %, S0
the total area is % X 4 x % = 1. (Or integrate: Iozﬁdxntf; %dx = %4— % =1.)

(b) The integral must be split at x = 2:

2 3 2
4_
IP(1§X§3)=J xdx+j xdx:[x
. 4 , 4 8
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Mean, Variance and Percentiles
The formulae mirror the discrete case, with sums replaced by integrals.

Fact — For a continuous random variable X with pdf f:

j= E[X] = fo A

o? =VarlX] = E[(X- ] = | ¥ (x)dx -2

E[g(X)] = on g(x)f(x)dx for a function g

—0o0

In practice we only integrate over the interval where f is non-zero.

Definition. The median m of X is the value such that P(X <m) = 5, i.e.

J_Zf(x)dx:%

The lower quartile Q; and upper quartile Q3 satisfy IP(X < Qq)

satisfies IP(X < x) = 155+

=

% and P(X € Q3) = %; the nth percentile

Example

The continuous random variable X has pdf

32
)= % 0<x<2

0 otherwise
Find:

(a) [E[X] and Var[X],

(c) the median of X.

(a) ,
2 2 4
35 3 3
BX)= [ dH
o 8 8l 4], 2
2
mle—f 2, 3 —3[‘5} _ 12
0 8 8|5, 5
12 9 3
Var[X] = E[X?] - (E[X])? = — -~ = —
ar[X] = E[X*] - (B[X])" = — - 7= 55
(®) 2 2 2
[ 4]= (L2 0= " a2
X ox 8 0 4
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Note that [E[1/X] # 1/E[X] — expectation only passes through linear functions.

m 2 3
1 . 1
(c) We needj idx:f, ie. ﬂ:,, s0o m = V4 ~1.59.
o 8 2 8 2
4 N
Tip
Symmetry saves work: if the pdf is symmetric about x = ¢ (and the mean exists), then [E[X] = ¢ and the
median is also c. )

Example (OCR S2, June 2014)
A continuous random variable X has probability density function

Flx) = %nsin(nx) 0<x<1
o otherwise

(i) Show that this is a valid probability density function.
(ii) Sketch the curve y = f(x) and write down the value of [E[X].
(iii) Find the value g such that P(X >¢) = 0.75.

(iv) Write down an expression, including an integral, for Var[X]. (Do not attempt to evaluate the
integral.)

(v) A student states that “X is more likely to occur when x is close to [E[X].” Give an improved version
of this statement.

(i) sin(rtx) > 0 for 0 < x <1, s0 f > 0 everywhere; and

1 1
J Esin(mc)dx: 1COS(7‘(X)] = l7(71): 1.
0o 2 2 o 2

(i) One arch of a sine curve: from (0,0) up to a maximum of% at x = %, back down to (1,0), and zero outside

[0,1]. The pdf is symmetric about x = %, so [E[X] = %

9 7 1

(i1i) IP(X >¢q) = 0.75 means J 5 sin(rtx)dx = 0.25, i.e. 5 (1 —cos(mq)) = }L So cos(mtq) = %, giving g = %, i.e.

1
(iv) Var[X] :J %xzsin(nx)dx—(l) .
0

. 0
q=3-.
2

2

(v) P(X = x) = 0 for every individual value, so “more likely to occur” is meaningless as stated. Better: values of
X in an interval close to E[X] are more likely than values in an interval of the same width further away.

Textbook Exercises: [CUP.S| Ch 7 §1-3
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The Cumulative Distribution Function

Definition. The cumulative distribution function (CDF) of a random variable X is

F(x) = P(X < x) = ff

Note the dummy variable: we are integrating up to x, so x is a limit of the integral and cannot also be the
variable of integration. Inside the integral we use a fresh letter, t. Writing ono f(x)dx is meaningless and
loses marks.

Tip

If dummy variables feel awkward, you can instead find a general antiderivative f f(x)dx, then choose
the constant of integration so that F equals 0 at the bottom of the domain. Both routes give the same
answer; the dummy-variable notation is the one the examiners use.

Since f >0, F is non-decreasing, with F(x) — 0 as x — —oco and F(x) — 1 as x — co. Always write a CDF
in full piecewise form, starting at 0 and finishing at 1:

0 x<lower end
F(x)={--- middle
1 x>upper end

Fact (Relationship between pdf and CDF) — By the Fundamental Theorem of Calculus,

flx)=F'(x)

wherever F is differentiable. So: integrate the pdf to get the CDF; differentiate the CDF to get the pdf.
Also
P(a< X <b)=F(b)-F(a),

) -
and the median satisfies F(m) = %, the quartiles F(Q;) = }1 F(Q3) =

w0

, etc.

Example

Find the CDF of the triangular distribution from earlier:

X

- 0<x<2

2 <x<
fx)= ;x 2<x<4

0 otherwise

For 0 <x<2:

,\'1L 2
F(x):J Cdr=X
. 4 8

For 2 < x < 4 we must carry forward the probability accumulated so far, F(2) = 5:

tzx -2
de— f—— :x—i—l
8 |, 8
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Therefore, in full:

0 x<0
x2
3 0<x<?2
F(x) = X2
x——-1 2<x<4
8
1 x>4

Sanity checks: F(4)=4—-2-1=1, and the two middle pieces agree at x =2 /.

4 N
Tip
The most common error with piecewise CDFs is forgetting the accumulated probability from earlier

pieces. Always check the pieces join up continuously and that the last piece reaches exactly 1.
- J

Example

The continuous random variable X has CDF

0 x<1
0
F&%:(xgn 1<x<4
1 x>

(a) Find P(2 <X < 3).
(b) Find the pdf of X.

(c) Find the median and the upper quartile of X.

4 1 3 1
P2<X<3)=F3)-F)==-—-=-===—
() PR<X<3)=F(3)-F2)=5-5=5=3
(b) Differentiating:
2y —
1) 1<x<4
fx)=4 9
0 otherwise

(c) Median: F(m) = % = (m-1)*= % — m=1+->23.12 (taking the root in [1,4]).

Upper quartile: (Q3 —1)? = 2—47 = Q3;=1+ 3V3 . 3.60.
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Example (OCR S3, June 2015)
A continuous random variable X has probability density function

kx 0<x<?2
Y
f(x)= @ 2<x<4
0 otherwise

where k is a constant.
(i) Show that k = %.
(ii) Find E[X].
(iii) Find the cumulative distribution function of X.
)

(iv) Find the upper quartile of X, correct to 3 significant figures.

(i) The total area is

2 4 .3
kadﬁj A" o K[ LAy 410k
0 2 2 2 3 3 3

_ 3
so k=15
(ii)
23,2 2 4
3x(4 - 4 3
—dx j x4 %) dx:+J (l6x—8x2+x3)dx
0 20 5 20 ),
4, 3 g0 88 AT 4.8 20 4, 9
520 3 4, 5 20 3 5 5
3x? , . .
(111) ForO£x<2:F(x):2—O,soF(2):5. For 2 < x < 4, carrying this forward:
3. (*3(4-1% . 3 4-1)°T" 4-x)3
R Py ST Y LTI PR
5 J, 20 5 20 |, 20
In full:
0 x<0
3x?
X) =
(4-x)°
- 2<x<4
20
1 x>4

(iv) Since F(2) = % < %, the upper quartile lies in the second piece:

(4-x)°

3 3
i (4-x0°=5 = Q3=4-V5=229 (35f)
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Textbook Exercises: [CUPS|Ch7§4 [S2]Ch1 [S3&4]S3Ch1
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The Continuous Uniform Distribution

Definition. The random variable X has the continuous uniform distribution (or rectangular distribution) on
[a,b], written X ~ Ula, b], if

L a<x<b
f={p-a “=7%
0 otherwise
f(x)
I
= |
a b %
Fact — The CDF, written in full, is
0 x<a
F(x) = % a<x<b
1 x>b
Theorem
If X ~ Ula, b] then
N2
E[X] = ath and Var[X] = (b 1;)

.

The mean comes free from symmetry; the variance is one careful integral followed by some tidy algebra.

b
Mean. The pdf is symmetric about the midpoint of [a, b], so E[X] = "

Variance. First

immediately.

b
IE[XZ]_J x? e 1 'b3fa3:a2+ab+b2’
, b—a b-a 3 3

using the difference of cubes b® — a3 = (b — a)(b* + ab + a*). Then

24 ab+ b2 b\’
Var[X]:a +ab+ _(a+ )

3 2
B 4(a’ + ab +b?) - 3(a® + 2ab + b?)
a 12
B a’ —2ab + b? B (b—a)?
; 12 12

Example

A number is recorded to the nearest integer, so that the rounding error E is modelled as E ~ U[-0.5,0.5].
Find the mean and standard deviation of E, and the probability that |E| > 0.3.




SM Continuous Random Variables

By the formulae, E[E] = 0 and Var[E] = % = 11—2, S0 0 = ~ 0.289.

1
Vi2
IP(|E| > 0.3) =IP(E < —0.3) + P(E > 0.3) = 0.2+ 0.2 = 0.4

(each tail is an interval of width 0.2 with density 1).

Example (OCR S2, January 2010 (parts))

The continuous random variable T is equally likely to take any value from 5.0 to 11.0 inclusive.
(i) Sketch the graph of the probability density function of T.

(ii) Write down the value of [E[T] and find by integration the value of Var[T].

(i) T ~ U|[5,11]: a horizontal line at height éfrom t=5tot=11, and zero on either side.
(ii) By symmetry, IE[T]| = 8. Then
11 ,2 3111
t t 1331 -125
IE[TZ]:J —dt=|—| =227,
5 5 18

— 2 _ ; L (11-5?2
so Var[T] =67 — 8~ = 3. (Check against the formula: ~—5— =3.) vV

Textbook Exercises: [S2] Ch 1

10
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The Exponential Distribution

Definition. The random variable X has the exponential distribution with rate A > 0, written X ~ Exp(A), if

Ae™M™ x>0
flx= {0 x<0
A fx)
f(x)=AeH
X

Example
Verify that f is a valid pdf, and show that the CDF is F(x) = 1 —e~** for x > 0.

Clearly f > 0. For x > 0,
X
_ —At N P T2 LT
F(x)_j0 Ae dt_[ e ]0_1 e

As x — o0, F(x) — 1, so the total area is indeed 1. In full:

Theorem
If X ~Exp(A) then

and Var[X] = %

The derivation is integration by parts, used twice — and the second integral cleverly recycles the first.

o - 100 9 . l ) o0 1
E[X] = xde ¥dx = [ﬂce’”] + eMdx =0+ |- M| ==
0 0 0 1 0 1

(the first bracket vanishes because xe™** — 0 as x — oo). Similarly, by parts with u = x*:

[ee]

o o0 o 2 ;
E[X?] = j e M dx = [—xze"\”‘] + J 2xe Mdx=0+= J xAe M dx
0 o Jo A Jo

Recognising the remaining integral as |B[X], we get E[X?] = ;\IE[X] = %, S0
211
Var[x]—p—ﬁ—p

11
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The link with the Poisson distribution

Fact — If occurrences follow a Poisson process with rate A, the waiting time between successive
occurrences has the Exp(A) distribution. Poisson counts occurrences; exponential measures gaps.

The derivation is a single beautiful observation: the waiting time exceeds t exactly when nothing happens
in [0, f].

Suppose events occur singly, independently and at constant average rate A per unit time, so the number of
occurrences in a time interval of length t is Ny ~ Po(At). Let T be the waiting time until the first occurrence. Then
IP(T > t) = IP(no occurrences in [0,t]) = P(N; = 0) = e M,

SO
Fr(ty=P(T<t)=1-¢M,

which is exactly the CDF of Exp(A).

Example

Calls arrive at a helpline at an average rate of 3 per minute, modelled by a Poisson process. Find the
probability that the wait for the next call exceeds 30 seconds, and the median waiting time.

The waiting time (in minutes) is T ~ Exp(3).

P(T > 0.5) = ¢ 30> = ¢715 1 0.223

-3m _ 1 In2
-2

Median: 1 —e™ 3" = % — ¢ = m=53%~0.231 minutes, i.e. about 13.9 seconds. Note the median is

less than the mean % minute: the distribution has a long right tail.

Textbook Exercises: [S3&4] S3 Ch 1

12
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Continuous Random Variables

CDFs of Related Variables

Often we know the distribution of X but want the distribution of some function of it, Y = g(X). This is
widely regarded as one of the hardest topics in FM Statistics, but the method is mechanical if you follow it

carefully.

-
Tip (The CDF method)
To find the distribution of Y = g(X):

1. Write down Fy(y) = P(Y <) and substitute: P(g(X) <y).

2. Rearrange the inequality g(X) <y to isolate X — this is the step that needs care.
3. Express the result using the CDF of X: typically Fy(y) = Fx(g~ ().

4. State the new domain (apply g to the endpoints of the domain of X).

5. Differentiate to obtain the pdf: fy(y) = Fy(p).

way.
-

Never just substitute into the pdf — the pdf is a density, not a probability, and does not transform that

\

J

Example (Volume of a cube)

Y = X3, and find P(Y > 1200).

The edge length X cm of a cube is uniformly distributed on [9,11]. Find the CDF and pdf of the volume

x—9

First, the CDF of X: for 9 <x <11, Fx(x) =
Since y = x> is increasing, X3 <y e X <y'3. So for 93 =729 <y <113 =1331:

y1/3 -9
Fy(y) =P(X> <) = P(X <3'7) = Fx(y'?) = =——
In full:
0 y <729
yl/3 -9
Fy(y) = 5 729 <y <1331
1 y>1331
Differentiating:
—y™/3 729 <y <1331
friv)=16" ’
0 otherwise
Note Y is not uniform — the density is larger for smaller volumes. Finally
12003 -9
P(Y >1200) = 1~ Fy(1200) = 1 - ————— ~ 1-0.8157 = 0.184

Example

X has pdf fx(x) = 2x for 0 < x < 1. Find the distribution of Y = X2. Comment on your answer.

13
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2

For 0 < x <1, Fx(x) = x>. On this domain x v x? is increasing, so for 0 <y < 1:

Fy(y) =P(X*> <y)=P(X <) =Fx(v¥) = (\¥)* =y

So
0 v<0
Fy(y)={y 0<p<l1 fr(y)=1on[0,1]
1 p>1

i.e. Y ~U[0,1]: squaring this particular X produces a perfectly uniform variable.

14
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When the function is not one-to-one

Does X? <y always mean X < 1/57? No! If X can be negative, then X*> <y means —/y < X < \y. Whenever g
is not one-to-one on the domain of X, you must think about the inequality as a region, not just invert the
function.

Example
X ~U[-1,1] and Y = X2. Find the CDF and pdf of Y.

x+1
Fx(x) = for-1<x<1.For0<y<1:
Fy(y) =P(X?<p) = P(—\y < X <))
—Fx(\/f/)—Fx(—\/f/)
VL A+l
ST, T W
So
0 v<0
Fy(p)={vp 0<y<1l  fy(y)=5Ffor0<y<l

f

Interesting features: the density is unbounded near y = 0 (et the area is still 1), and had we carelessly written

1 y>1

P(X < +/v) we would have obtained \F , which is not even 0 at y = 0 — always sanity-check the endpoints.

Remark. A decreasing function also needs care, because it reverses inequalities: if Y = e X with X > 0, then

P(Y <y)=P(e X <y)=P(X > -Iny) = 1 - Fx(~Inp).

Example (Class practice)
X ~ Exp(A).

(a) Find the CDF and pdf of Y = X?.
(b) Find the CDF and pdf of Z = e~X. What distribution is this?

15
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(a) Since X >0, here X* <y < X <fy is safe. For y > 0:
W A p
Fy(p) =Fx(yy) =1-e"V,  fy(y)=s—=e V" (3>0)

(b) Z takes values in (0,1]. The function e™™ is decreasing, so for 0 <z < 1:
Fz(z) =P(e X <2) =P(X > —Inz) = ¢ 702 = pAlnz _ ;4

Hence fz(z) = Az on (0,1]. (For A =1, Z ~ U[0,1].)

Example (OCR S3, June 2014)

A rectangle of area A m? has a perimeter of 20 m, and each of the two shorter sides has length X m,
where X is uniformly distributed between 0 and 2.

(i) Write down an expression for A in terms of X, and hence show that A = 25— (X - 5)2.
(ii) Write down the probability density function of X.

(iii) Show that the cumulative distribution function of A is

0 a<0
Fa(@)=13(5-V25-a) 0<a<l6
1 a>16

(iv) Find the probability density function of A.

(i) The sides are X and 10 — X, so A = X(10 — X); completing the square, A = 25— (X —5)2.
(i1) fx(x)= %for 0 < x <2 (and 0 otherwise); hence Fx(x) = 7 on [0, 2].
(iii) As x increases from 0 to 2, A = x(10 — x) increases from 0 to 16, so A takes values in [0,16]. For 0 <a < 16:
Fala)=P(25-(X -5 <a)=P((X-5>>25-a)=P(5-X > V25-a),

since X < 2 forces X —5 < 0 (the other root, X > 5+ V25 —a, is impossible). Hence

Fy(a)=P(X <5-V25-a)=Fx(5-V25-a)=~(5-V25-a).

N | =

Sanity checks: F4(0) = %(5—5) =0 and F5(16) = %(5—3) =1/

(iv) Differentiating,

1
—— 0<a<leé6
fa(a)={4V25-a
0 otherwise

16
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Textbook Exercises: [CUP.S]Ch 7 §8 [S3&4]S3 Ch 1
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